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A SURVEY ON WILDMATHEMAT ICS
raffaella mulas∗
We usually construct mathematical objects that are accessible, on which we
can put our hands, but a huge part of the mathematical existing is actually
wild. Here we explore part of the wild world: its inhabitants are knots that
are infinitely knotted, spheres that try to hug themselves, colorful earrings,
labyrinths of labyrinths...
Let us give a general definition of wild based on the human nature, before exploring
some wild objects. During this exploration we shall give more specific and formal defi-
nitions of wild.
Definition 1. We say that something is wild if it gives us a sense of Monstrosity, i.e. if we
have the feeling that it is inaccessible and we therefore feel puzzled and overwhelmed
in front of it (Figure 1). We say that something is tame if it’s not wild.
Figure 1: Sense of Monstrosity by RM.
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1 irrational numbers
The elements of Q are tame. In fact, we can conceive the rational numbers and we can
even write them with a computer. On the other hand, the irrational numbers are wild
because, in order to describe them, we need an infinite number of decimal digits that
are not periodic.
2 wild knots
We define a knot as a topological embedding of S1 into R3. We say that a knot is tame if
it is isotopic to a finite closed polygonal chain. We say that a knot is wild if it’s not tame
(Figure 2). Note at this point that the definition of tame and wild knot is in line with
Definition 1.
Figure 2: Wild knot necklace by RM.
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3 alexander sphere
Related to wild knots, there is an interesting pathological example of wildness dis-
covered by J. W. Alexander: it is called the Alexander horned sphere, see [1, 2]. This
wild topological space is a subspace A ⊂ R3 homeomorphic to S2 such that the un-
bounded component of R3 \A is not simply-connected as it is for the standard S2 ⊂ R3.
It can be constructed as follows:
– Consider a standard torus and re-
move a radial slice from it.
– To each side of the cut, connect a
standard torus, interlinked with the
torus on the other side.
– Repeat the previous steps infinitely
many times.
The limit object obtained with this con-
struction is the Alexander sphere.
Figure 3: Wild Alexander sphere by RM.
Figure 4: Very wild Alexander sphere by
RM.
It is a sphere that tries to hug itself and
it is wild in the sense of Definition 1.
Here we propose two representations of
the Alexander sphere: Figure 3 clearly
shows its inductive construction; Figure
4 shows its wild nature.
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4 the cantor set
The Cantor set (Figure 5) is constructed
iteratively as follows:
– From the unit interval [0, 1], remove
the open central third (12 ,
2
3).
– From each remained interval, re-
move the open central third.
– Repeat this process infinitely many
times.
The Cantor set is the limit object of this
process and it is proved to be uncount-
able [3, Proposition 4.36]. Also, every
compact metric space is the continuous
image of the Cantor set: this is really too
much of Monstrosity! Figure 5: Cantor rain by RM.
5 hawaiian spheres
Figure 6: Hawaiian earrings by RM.
For m > 1, the m–dimensional
Hawaiian spheres are a countable
number of m–spheres with a sin-
gle point in common and a met-
ric topology such that the diam-
eter of the spheres tends to zero
with increasing index [4]. In Flat-
land [5], i.e. in the 2–dimensional
world, the 1–Hawaiian spheres are
also called Hawaiian earrings (Fig-
ure 6). The Hawaiian earrings
are wild as they are defined by a
limit, but the Hawaiian spheres for
m > 2 are even wilder. In fact, in
this case, these spheres form a m–
dimensional object with the prop-
erty that for each n there exists
l > n such that the l–th homology
group is non–zero, as shown in [4,
Theorem 1].
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6 peano curve
A Peano curve is a continuous function
from the unit interval into the unit square
that is surjective (but not injective!). A
Peano curve is usually defined as the
limit of a sequence of curves, as for exam-
ple the one constructed by David Hilbert
as the limit of the construction in Fig-
ure 7. One can prove that such limit
curve exists, is continuous and is surjec-
tive. Wooow! Not only it gives us a feel-
ing of Monstrosity but, as shown in Fig-
ure 8, it makes us think about The Garden
of Forking Paths from Borges [6].
Figure 7: Six iterations of the Peano curve
constructed by David Hilbert
(picture from Wikipedia, licensed
under the Creative Commons
Attribution-Share Alike 3.0 Un-
ported license).
Figure 8: Peano and Borges by RM.
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7 fractals
The Alexander sphere, the Cantor set and the Hawaiian spheres are all fractals, i.e. ob-
jects for which zooming in always reveals the same pattern. Fractals are therefore charac-
terized by self-similarity on different scales and, by Definition 1, they are wild. Fractals
also exist in nature: they can be found for instance in coastlines, mountains, trees, clouds,
veins and even in the hair, as shown in Figure 9.
Figure 9: Fractal hair by RM.
conclusions 7
8 conclusions
Wild objects are everywhere around us, in mathematics as well as in other fields, espe-
cially if there is some hidden mathematical structure. We have mentioned The Garden of
Forking Paths of Borges, for instance. This short story appears in Everett’s interpretation
of quantum mechanics [7], and the entire literary work of Borges is so much soaked in
mathematics that the Argentinian mathematician and writer Guillermo Martínez wrote
a book titled Borges y la Matemática [8]. We also like to think that Borges’ short story
about The Aleph [9], described as one of the points in space that contains all other points, is a
tribute to Cantor’s Aleph numbers that measure different infinities. How wild is this?
Another writer whose work is dense of mathematics and wildness is Lewis Carroll.
We could say for instance that, while the arithmetic operations +, −, · and / are tame,
the operations of Ambition, Distraction, Uglification, and Derision described by Lewis
Carroll in Alice’s Adventures in Wonderland [10] are wild. Note that, in the Italian version
of the book, the operation of Uglification is called Mostrificazione, that can be literally
translated with Monsterification. This definitely has to do with the sense of Monstrosity!
Also Escher, with his drawings, created wild worlds playing with geometry and, par-
ticularly, with the fact that his objects drawn in two dimensions cannot leave in three
dimensions.
Then there is Nature, with its wildness (Figure 10). It is not clear, however, whether
mathematics has a wildness that reminds of nature, or whether the wildness in nature
reminds of wild mathematics.
Figure 10: Wild trees bent over by the wild wind in Sardinia. Picture taken by RM.
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